ADVANCED ALGORITHMS - FALL SEMESTER

Lecture 7/

Randomized Algorithms

Faculty: K.R. Chowdhary

Professor of CS

Monte Carlo and Las Vegas algorithms, probabilistic analysis, and the hiring problem



INTRODUCTION

Deterministic vs. Randomized Algorithms

Goal of a deterministic algorithm Goal of a randomized algorithm

Prove that it solves the problem correctly — always — and quickly: Alongside its input, the algorithm takes a source of random numbers and makes
typically, the number of steps should be polynomial in the input size. random choices during execution — behavior can vary even on a fixed input.

Design and analysis show this behavior is likely good on every input; the
likelihood is over the random numbers only.

A 4

Input > Algorithm

A 4

Output Input > Algorithm Output

(a) Deterministic algorithm (b) Randomized algorithm
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TWO APPROACHES

Monte Carlo vs. Las Vegas

Monte Carlo Las Vegas

Runs for a fixed number of steps and produces an answer that is Always produces the correct answer; its running time is a random
correct with probability > 1/3. Running independent repetitions variable whose expectation is bounded (e.g., by a polynomial).
drives the failure probability down exponentially.

For both, probabilities and expectations are only over the random choices the algorithm makes — independent of the input.

Both share two advantages: Simplicity, and Performance. For many problems, a randomized algorithm is the simplest, the fastest, or both.
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SCOPE

Applications of Randomized Algorithms

Number theory — primality testing (Monte Carlo)

Mathematical programming — faster linear
programming; rounding LP solutions to integer
solutions

Parallel & distributed computing — deadlock
avoidance, distributed consensus
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Data structures — sorting, order statistics, searching,
computational geometry

Graph algorithms — minimum spanning trees,
shortest paths, minimum cuts

Probabilistic existence proofs — showing an object
exists with non-zero probability

Algebraic identities — polynomial and matrix
identity verification; interactive proof systems

Counting and enumeration — matrix permanent;
counting combinatorial structures

Derandomization — devise a randomized algorithm,
then argue it can be made deterministic
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A FIRST EXAMPLE

Sequential Search, Made Randomized

Plain sequential search

Searching an unsorted array of n elements, worst case needs U, = n comparisons; this is optimal under the RAM model. If every position is equally
likely, expected comparisons ESn = (n+1)/2.

RANDOMIZED SEQUENTIAL SEARCH (OFF-LINE CASE)

Flip a coin: heads — search 1 to n; tails = search n to 1. If the target is at position i, comparisons needed are i (heads) or n-i+1 (tails). Averaging
over the coin flip (not over inputs):

24 + Y2(n-i+1) = (n+1)/2 — independent of i!

An adversary placing the element can’t do better than the middle position — they don’t know which of the two search directions will be used.
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WHY RANDOMIZE?

Simplicity: Quicksort vs. Mergesort

This is the first and foremost reason for using randomized algorithms — numerous easy randomized algorithms match or surpass deterministic

performance.
Mergesort (deterministic) QuickSort (randomized)
Asymptotically the best deterministic sorting algorithm — O(n log n) Picks a random pivot, partitions elements smaller/larger than it, and
worst case — but the recursion and merge step take real care to recurses on each side. Simpler to implement, and matches
implement correctly. mergesort’s O(n log n) asymptotic running time.
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WHY RANDOMIZE?

Speed: Testing the Zero Polynomial

For some problems, the best randomized algorithms are faster than the best known
deterministic ones — by only requiring the correct answer with high probability, or an
expected polynomial running time.

Worked example

Is a multi-variate polynomial the zero polynomial? No known deterministic
polynomial-time algorithm exists for this — the polynomial may be represented °
only implicitly, e.g. as the determinant of a matrix whose entries are variables. L

The randomized fix: just evaluate the polynomial at random points.

v

A polynomial curve — sampling random points to test if it is identically zero
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WORKED EXAMPLE

Checking Whether Two Files Match

The problem

Two copies of the same long binary file, F; and F,, live at different locations; F, may have been tampered with. We want to check whether they still
match — while minimizing the bits communicated.

THE RANDOMIZED CHECK

Both sides share a random-number generator. Toss a coin for each bit to pick a random subset S. Compute c; = F;, @ S at each side and compare only ¢,

and c, — not the whole file.

Lemma: if F; 7 F,, then c; / ¢, fifty percent of the time. Repeating 200 times and always matching leaves only a 1-in-2%°° (= 1-in-10°¢) chance the files
actually differ.
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PROBABILISTIC ANALYSIS

The Hiring Problem

You want to hire an office assistant. An employment agency charges a small fee per interview; hiring costs much more. After each interview you decide
whether to hire — firing the previous hire if the new candidate is better.

ALGORITHM — HIRE-ASSISTANT(n)
best=0 //0 is the kastqualified dum m y canddate
fori=11ton:
ntervew canddate i
iIfiis betterthan best:
best=1
hire canddate i

Let C; be the (low) cost of an interview, Cy, the (high) cost of a hire, and m the number of candidates hired. Total cost: O(Cin + Cxm). We always interview all n — the
question is what to expect for m.
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PROBABILISTIC ANALYSIS

Worst Case vs. the Typical Case

Worst case Probabilistic analysis

We hire everyone we interview — candidates arrive in strictly Assume (or know) a distribution over inputs, and compute the running
increasing order of quality. Cost is Chn. But this ordering is just one time averaged over that distribution — the “average-case running time.”

possibility; it’s natural to ask what happens typically. Requires knowing the input distribution; the hiring problem assumes
candidates arrive in random order.

Randomized algorithm vs. probabilistic analysis — the key distinction

A randomized algorithm makes random choices during execution and gives guarantees for the worst-case input — its own coin flips are the only source of
randomness. Probabilistic analysis instead assumes the input itself is drawn from a distribution; it says nothing if that assumption is wrong.
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A CLASSIC ILLUSTRATION

“Find the Lady”

A dealer places three cards; find the Queen of Spades. You may turn over as many cards as you like, at $1 each; finding the Queen pays $2.

. .
Deterministic strategy Average-case (assumed distribution) Randomized strategy
Try cards in a fixed order. A clever dealer places If all three positions are equally likely, expected Turn cards over in random order. The same 0
the Queen last — worst-case payoff is a loss of payoff is %(1+2+3) - 2 = 0 — but this assumes expected payoff now holds no matter where
$1. something about the dealer. the dealer places the card — true worst-case

guarantee.
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WRAPPING UP

Model of Computation & Review Questions

Throughout, we assume the RAM model

Registers and main memory support input-output, memory-register transfers, indirect addressing, branching, and arithmetic (+, -, %, /), comparisons, and
square roots. E[X] denotes the expectation of random variable X; Pr[A] the probability of event A.

Q List the advantages of randomized algorithms. Q What are the applications of randomized algorithms? Suggest any five, with examples.
e If randomized algorithms are simple and efficient, why aren’t they always used? ° Difference between average-case analysis of deterministic vs. randomized algorithms?
e What are the disadvantages of randomized algorithms? ° Are randomized and probabilistic algorithms the same? Explain why or why not.

Deterministic algorithms are modeled with a Turing machine — what models a randomized
algorithm?
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PRACTICE

Exercises

Using the web or a probability textbook, get comfortable with:
® Union bound (Boole’s inequality)

® Conditional probability

Random variables, expectation, and variance

Linearity of expectation

Independence of events

Resources: en.wikipedia.org/wiki/Probability_theory e mathworld.wolfram.com
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CLOSING

References

Thomas H. Cormen, et al.,
“Introduction to Algorithms, 3rd ed.” — PHI, 2009

Mikhail J. Atallah & Marina Blanton,
“Algorithms and Theory of Computation Handbook, Special Topics and Techniques, 2nd ed.” — CRC Press, 2010

Allen B. Tucker, Jr.,
“The Computer Science and Engineering Handbook” — CRC Press, 1997

Disclaimer: these notes have not been subjected to the usual scrutiny reserved for formal publications. They may be distributed outside this class only with the permission of the faculty.
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