ADVANCED ALGORITHMS - FALL SEMESTER

Lecture 8

Random Variable

Faculty: K.R. Chowdhary

Professor of CS

Expectation, linearity of expectation, Max-Cut, and randomized sorting and selection




FOUNDATIONS

What Is a Random Variable?

A random variable on a probability space Q is just a function with domain Q. Convention: write it as a capital letter (X, Y, S) with the argument
implicit — X really means X(w). Non-random (or non-variable) quantities are written lowercase.

WORKED EXAMPLE — ROLLING TWO DICE

" (O has 36 outcomes — the 6x6 pairs (x, y) seen on two independent fair dice.

" X({x,y)) = x and Y({x,y)) = y give the value on each die.

® Usually we care about the sum: S =X +Y, defined by S({x,y)) = x + y — also a random variable.
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FOUNDATIONS

Modeling a Randomized Algorithm

We think of a randomized algorithm as a machine M(x, r), where |x| = nis the input and r is a sequence of random bits. In the RAM model, reading,
writing, and O(log n)-bit arithmetic take constant time — including reading the next random value.

Because the running time can depend onrr, it is itself a random variable — a function on the probability space Q of all random-bit sequences.

E r[X] =2_{re Q} X(r)-P_r[r]

Instead of “deterministic algorithm runs in O(f(n))”, we say the randomized algorithm runs in expected time O(f(n)), meaning E_r[time(M(x,r))] = O(f(| x| ))
for all inputs x — distinct from worst-case and average-case analysis.
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WORKED EXAMPLE

Indicator Variables: Flipping a Coin

A single flip n coin flips

Sample space S = {H, T}. Define the indicator X_H = 1 if heads, O if Let X; = 1 if the i-th flip is heads. Let X be the total number of heads:
tails.

X = Xi-12 X

E[X_H] =1Y2 + 0Y2 = Y2

Taking expectation on both sides:

E[X] = E[X X]]

The expected value of an indicator variable for event A is just Pr[A].

= L E[Xi]

=X
This becomes powerful with repeated trials — e.g. counting heads =n/2
across n flips — without separately tracking probabilities of 0, 1, 2,...

heads.
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FOUNDATIONS

Events, and the Probability Mass Function

Any random variable lets us define events from its possible values, e.g. [S = 11] or [S < S Probabilit
5] — both are sets of outcomes. The probability mass function gives Pr[X = x] for each v

possible value x. 2 1/36
3 2/36
4 3/36
PI’[S=11] =2/36=1/18 5 4/36
6 5/36
Pr[S < 5] = Pr[S=2]+Pr[S=3]+Pr[S=4]

= (1+2+3)/36=1/6 7 6/36
8 5/36

Independence: X and Y are independent if, for all x, y: Pr[X=x A Y=y] =
Pr[X=x]-Pr[Y=y]. 9 4/36
10 3/36
1 2/36
12 1/36
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EXPECTATION

Expectation, and Its Linearity

E[X] =2 x - Pr[X=x] — an average of X weighted by probability. It may not exist if the sum fails to converge.

Two independent fair dice Not a coincidence

7 =7/2+7/2. This illustrates linearity of expectation in the simplest

E[X] = E[Y] = Zi=®i(1/6) = 21/6 = 7/2 case.

E[X+Y] from the PMF table = 252/36 = 7

LINEARITY OF EXPECTATION

E[X + Y] =E[X] + E[Y] — holds even when X and Y are NOT independent.

This is the single most useful tool for analyzing randomized algorithms — it turns complex calculations into sums of simple ones.
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WORKED EXAMPLE

Linearity in Action: The Alphabet Cards

26 students, 26 cards — each with a distinct letter. The professor hands out cards randomly, one per student. What'’s the expected number of
students who receive the card matching their name’s first letter?

SOLUTION

® Define X; = 1if student i gets the correct letter, O otherwise (1 < i < 26).

® Cards are distributed randomly, so Pr[correct] = 1/26 — hence E[X;] = 1/26 for every i.

® By linearity: E[X#Xo+:-+X,6] =26 x (1/26) = 1

AdVshasshigaption whatseeyemwasinadeorbout the first letters of anyone’s name — linearity makes the dependence between the X's irrelevant.




INTUITION

Why Does Randomization Work?

Randomized algorithms succeed because many problem instances have a lot of witnesses for a yes or no answer — so a random sample is
likely to hit one.

If the polynomial IS zero If the polynomial is NOT zero
It evaluates to zero at every point — there’s no witness of non-zero- There are many points where it's non-zero — random sampling
ness to miss. finds one of these witnesses easily.

This “witness abundance” pattern recurs throughout randomized algorithm design — including the Max-Cut algorithm that follows.



CASE STUDY

The Max-Cut Problem

Given G = (V, E), partition V into (A, B). An edge is cut if its endpoints lie
on different sides. Find a partition maximizing the number of cut edges.

This problem is NP-hard.

We'll give a simple 0.5-approximation via randomization — the best known
guarantee for this problem for several years.
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CASE STUDY

A Randomized 0.5-Approximation

Claim. There exists a partition (A, V\A) cutting > |E|/2 = m/2 edges. Letn=|V|, m=|E|.

PROOF

1. Build A by including each vertex independently with probability 0.5.
2. For each edge (i,j) € E, define Xij = 1 if (i,j) is cut, O otherwise. Total cut edges: X = X X;i.
3. Conditioned on i € A or not, exactly one choice for j makes (i,j) cut — so Pr[X;j= 1] = E[Xj] = 1/2.

4. By linearity of expectation (no independence needed):

E[X] = 24, € E E[Xij] = m/2

Advanced Algorithms -




RANDOM SAMPLING

Randomized Sorting: Algorithm RQS

Some of the earliest randomized algorithms used random sampling for sorting and for finding the k-th smallest element. A random element of S is
unlikely to be extreme — it’s likely “near the middle.”

ALGORITHM RQS — Input: a set S of numbers. Output: S sorted increasingly.

1. Chooseyuniform ly atrandom from S— everyelem entequally lkely.

2. Com pare each elem entofS to y,form hg S1={elem ents<y}and Sz2= {elem ents > y}.

3. Recursively sortSiand S2.0 utputsorted S1), then y, then sorted S-2).

RQS is a randomized algorithm inspired by Quicksort — the random choice in step 1 is assumed to take unit time. What can we prove about its running time?
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RANDOM SAMPLING

Counting Comparisons via Linearity

Setting up the indicator variables

Comparisons happen in step 2, comparing the chosen element against the rest. Let S denote the element of rank i. Define X;; = 1if S and S are
ever compared during execution, O otherwise.

Total comparisons: Xi—1® Xj>; Xjj

BY LINEARITY OF EXPECTATION

E[2i=12 X j>i Xij] = 2i=12 Xj>i E[Xij]

The expected total is a sum over all O(n®) pairs of E[Xj] — same trick as before: expectation of a sum is the sum of expectations, whether or not the terms are
independent.

(Working out E[X;] — the probability S, and S, are ever compared — is exactly how the O(n log n) expected bound for RQS is derived.)
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PRACTICE

Exercises
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We flip a fair coin ten times. Find Pr[equal heads/tails], Primore heads than tails], Pr[flip i equals flip (11-i) for i=1..5], and Pr[at least 4 consecutive heads].

Reservoir sampling: maintain one uniformly-sampled item from a stream of unknown length, storing only one item at a time (replace with probability 1/k on the k-th
item). Explain why this works.

Show that the expected running time of the randomized k-smallest (k-median) selection algorithm Find(S,k) is O(n). (Hint: set up and solve a recurrence.)

On a unit circle with n random points plus one marked point: find the average interval length, and the expected length of the interval containing a fixed point x.

On [0,1], pick one uniform random point, splitting it into two intervals: find the expected length of the longer (and shorter) interval, and of the interval containing 0.5.



CLOSING
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Disclaimer: these notes have not been subjected to the usual scrutiny reserved for formal publications. They may be distributed outside this class only with the permission of the faculty.
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