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M O T I V AT I O N

Need of Turing Machines

Finite Automata (FA)
Recognize regular languages only.

Pushdown Automata (PDA)
Recognize context-free languages, using a stack for extra memory.

Turing Machines (TM)
Introduced by Alan M. Turing in 1936 — a general model of computation.

P DA  C A N N OT  R EC O G N I Z E

{ aⁿ bⁿ cⁿ  |  n ≥ 0 }
Requires counting three quantities simultaneously — 
beyond a single stack.

{ ww  |  w  * }∈ Σ
Requires comparing a string against a copy of itself — no 
stack discipline allows this.
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A R C H I T E C T U R E

Concept of a Turing Machine

Finite Control

The machine's states and rules.

Infinite Tape

Acts as unlimited memory.

Read-Write Head

Reads, writes, and moves left or right.

M O D E R N  C O M P U T E R S  R E S E M B L E  T U R I N G  M A C H I N E S

Tape   ≈   Memory Read-write head   ≈   CPU
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S T R U C T U R E

Turing Machine Model

Basic Turing Machine model

EAC H  S T E P,  A  T M  P E R F O R M S

1 Replace the current tape symbol.

2 Change the machine state.

3 Move the head Left (L) or Right (R).
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F O R M A L I S M

Mathematical Definition of TM

M = ( Q, , , , s, H )Σ Γ δ

Q finite set of states Σ input alphabet

Γ tape alphabet: Γ = Σ  {B, }∪ ▷ B blank symbol

s start state H set of halting states

δ : the transition function — defined in full on the next slide.
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F O R M A L I S M

Transition Function of TM

 : (Q − H) ×   →  Q ×  × {L, R}δ Γ Γ

A single transition:

(p, a) = (q, b, d)δ

TM is in state p and reads symbol a.

It writes symbol b in place of a.

It changes state to q.

The head moves in direction d.

Reading the notation

p  current state, before the move
a  symbol currently under the head
q  next state, after the move
b  symbol written onto the tape

d  head direction: L (left) or R (right)
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E X E C U T I O N

Configurations and Moves of TM

A configuration (instantaneous description) represents the tape contents 
split around the head:

  q  α₁ α₂

The state symbol marks the current head position.

A  M OV E ,  A N D  M U LT I P L E  M OV E S

C   C₁ ⊢ₘ ₂ C  *  C₁ ⊢ ₘ ₙ

single step zero or more steps

TM configuration and head movement
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P U T T I N G  I T  T O G E T H E R

Acceptance and Example TM

A  S T R I N G  w  I S  AC C E P T E D  I F

q w *   q  ₀ ⊢ ₘα ₕβ

where q  is a halting state.ₕ

Example: Erasing a Tape

(q , a) = (q , B, R)δ ₀ ₀
(q , B) = (q , B, L)δ ₀ ₁

For input aaaa, the TM replaces every a with a blank, then halts.

TM for erasing tape contents
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Key Takeaways

1 FA and PDA are limited: neither recognizes languages like a^n b^n c^n or ww.

2 A Turing Machine (Q, Σ, Γ, δ, s, H) adds an infinite tape and a read-write head, giving it general computing power.

3 Each step is governed by δ(p, a) = (q, b, d): read, write, change state, move.

4 Configurations track a run step by step; a string is accepted when a halting configuration is reached.

Next: designing Turing Machines for specific languages
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