
T H E O R Y  O F  F O R M A L  L A N G U A G E S   ·   L E C T U R E  1 2

Partially Computable &
Ackermann's Functions
Functions that are computable but not primitive recursive — how we know they
exist, and a function that grows faster than any PR function ever could.
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R O A D M A P

What We'll Cover

1
Partially computable functions
Algorithms that compute an answer when one exists, but may search forever when it doesn't.

2
PR functions are countable
Every primitive recursive function has a finite ‘recipe’ — which means we can number them all.

3
Diagonalization
A constructive proof that some effectively computable functions are provably not primitive recursive.

4
Ackermann's function
A total, computable function built from double recursion — and a real example of the functions diagonalization promises exist.
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1 2 . 1   ·   PA R T I A L LY  C O M P U TA B L E  F U N C T I O N S

What Is a Partially Computable Function?

We have an algorithm that computes the right answer for every input in the function's domain — but for an input outside the domain, the 

algorithm may simply run forever, never confirming that no answer is coming.

EFFEC TIVELY  COMPUTABLE

f(x) = eˣ
Defined for every real x — the algorithm always halts with an answer, no 

matter what you feed it.

ONLY PARTIALLY  COMPUTABLE

f(x) = tan(x)
tan(π/2) = ∞ — at that input, and others like it, there simply is no finite 

answer to compute.

i I N  P L A I N  E N G L I S H

This isn't about an algorithm being sloppy — it's a structural fact about the function itself. “Partial” means the function's own domain doesn't cover 
every input; the algorithm is being perfectly honest by refusing to fabricate an answer where none exists.
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1 2 . 1   ·   D E F I N I T I O N  1 2 . 1

Partial Recursive Functions

D E F I N I T I O N  1 2 . 1

The class of partial recursive functions

is the smallest class of functions over *Σ
that contains the base functions and is

closed under composition, primitive

recursion, and minimization.

i I N  P L A I N  E N G L I S H

The new ingredient is minimization — “search upward until you 
find a value that works.” Composition and primitive recursion 
alone only ever produce total functions (Lecture 9). Minimization 
is what can introduce a search that never terminates, which is 
exactly how partiality sneaks in.

T W O  R E L AT E D  C L A S S E S

1 Partial recursive function: one that can be computed by a Turing 
machine — defined wherever the TM halts, undefined elsewhere.

2 Recursive (total recursive) function: a partial recursive function that 
happens to be defined for every input.

3 Every primitive recursive function is total recursive — but, surprisingly, 
not every total recursive function is primitive recursive.

T H E  H E A D L I N E  E X A M P L E

Ackermann's function A(m, n) is total

recursive — defined for every input —

yet it is not primitive recursive.
The rest of this lecture explains why.
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1 2 . 1   ·   F I G U R E  1 2 . 1

The Functions Hierarchy

Primitive
recursive

Total recursive functions

Partial recursive functions

A(m,n) Ackermann's function lives in this ring — total recursive, 
but outside the primitive recursive circle.

R E A D I N G  T H E  D I A G R A M

Innermost

Primitive recursive — built from Z, S, P using only composition and primitive 
recursion (Lecture 9).

Middle

Total recursive — every input produces an answer, but the recipe may also use 
minimization.

Outermost

Partial recursive — the full class; some inputs may search forever with no answer.

i I N  P L A I N  E N G L I S H

Each ring strictly contains the one inside it — and Ackermann's function is the proof that the middle ring is strictly bigger than the inner one.
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1 2 . 2 . 1   ·   C O U N TA B I L I T Y

PR Functions Are Countable

Every PR function has a finite recipe built from basic functions, composition, and primitive recursion. That single fact is enough to list every PR 

function in a sequence f₀, f₁, f₂, ... — possibly with repeats, but nothing left out.

B U I L D I N G  P R  A S  A  U N I O N

PR  = class of basic functions₀
PR  = PR   {composites of PR  functions}₁ ₀ ∪ ₀

PR  = PR   {primitive recursions over PR }₂ ₁ ∪ ₁

⋮

PR =  PR⋃ᵢ∈ ℕ ᵢ

i I N  P L A I N  E N G L I S H

Each PRᵢ is countable, and a countable union of countable sets is 
countable — so all of PR is countable too.

W H Y  E A C H  P R ᵢ  I S  C O U N TA B L E

1 There are only countably many basic functions: Z, S, and one 
projection P_i^n for each pair of naturals i < n.

2 Composition and primitive recursion each combine a finite tuple of 
earlier functions — finite tuples of a countable set are themselves 
countable.

3 So building PRᵢ₊₁ from PRᵢ by adding finite combinations preserves 
countability at every stage.
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1 2 . 2 . 1   ·   E F F E C T I V E  E N U M E R AT I O N

Coding PR Functions as Numbers

To actually list f₀, f₁, f₂, ..., assign every PR function's recipe a single natural number — its code. The first entry of the code says what kind of recipe 

it is.

C O D E S  F O R  T H E  B A S I C  F U N C T I O N S

1 Z (zero function)  —  code [0]

2 S (successor function)  —  code [1]

3 Pᵢⁿ (projection)  —  code [2, n, i]

i I N  P L A I N  E N G L I S H

The leading number is a tag: “0” or “1” says “I'm a basic constant,” 
“2” says “I'm a projection, and here are its two parameters.” Given 
any natural number x, you can always tell, mechanically, whether 
x is a valid code, and of what.

C O D E S  F O R  B U I LT  F U N C T I O N S

1 comp[f, g₁,...,g ] built from codes p (for f) and q₁,...,q  (for g₁,...,g )  —  ₖ ₖ ₖ
code [3, p, q₁,...,q ]ₖ

2 P_r[g, f] built from codes p (for f) and q (for g)  —  code [4, p, q]

W H Y  T H I S  M AT T E R S

Every PR function now has at least one

natural-number code — turning “list every

PR function” into “list every valid code.”
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1 2 . 2 . 1   ·   E F F E C T I V E  E N U M E R AT I O N

The Enumeration f , f , f , ...₀ ₁ ₂

D E F I N I T I O N  ( 1 2 . 2 )

f  = the function with code n,ₙ
         if n codes a unary function

f  = the function f(x) = 0,ₙ
         otherwise

i I N  P L A I N  E N G L I S H

Every string of symbols is either a well-formed recipe or it isn't — 
there's no ambiguity, so we simply route the “not a valid recipe” 
numbers to a harmless placeholder (the always-zero function). 
Nothing is lost: every unary PR function still shows up as fᵢ for 
infinitely many indices i, since a function can always be dressed up 
in longer, equivalent recipes.

W H AT  T H I S  B U Y S  U S

1 Every unary PR function equals fᵢ for some index i — the enumeration 
is complete.

2 Given a number n, we can effectively unravel it back into an actual 
recipe for f .ₙ

3 This is exactly the “effective enumeration of the unary PR functions” 
the next theorem needs.

O N E  S U B T L E T Y  W O R T H  F L A G G I N G

The same function can have many codes

(many equivalent recipes) — so f  = f  isᵢ ⱼ
entirely possible for i ≠ j. Repeats are fine;

the enumeration just needs no omissions.
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1 2 . 2 . 2   ·   D I A G O N A L I Z AT I O N

Theorem 12.3 — Not Everything Computable Is PR

T H E O R E M  1 2 . 3

There are effectively computable numerical

functions that are not primitive recursive.

The table below lists every PR function down the rows, and every possible 
argument across the columns:

0 1 2 3

f0 f0(0) f0(1) f0(2) f0(3)

f1 f1(0) f1(1) f1(2) f1(3)

f2 f2(0) f2(1) f2(2) f2(3)

f3 f3(0) f3(1) f3(2) f3(3)

The highlighted diagonal — f₀(0), f₁(1), f₂(2), ... — is exactly what δ is built from.

T H E  P R O O F,  I N  O U T L I N E

1 The PR functions are effectively enumerable: f₀, f₁, f₂, ... lists every 
recipe, in order, generated mechanically.

2 Define the diagonal function δ(n) = f (n) + 1 — read straight off the ₙ
highlighted diagonal above.

3 δ is effectively computable: find f 's recipe, run it on n, add one.ₙ

W H Y  Δ  C A N ' T  B E  P R

Suppose  were PR. Then  = f_d for someδ δ
index d, so (d) = f_d(d).δ
But by definition, (d) = f_d(d) + 1.δ
f_d(d) = f_d(d) + 1 is a contradiction —

so  cannot appear anywhere on the list.δ
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1 2 . 2 . 2   ·   D I A G O N A L I Z AT I O N

Where's the Unbounded Search?

δ is computable — we just gave an algorithm for it. So where, exactly, does it fail to be primitive recursive? PR functions are required to be built 

from bounded loops; δ secretly relies on an unbounded one.

C O M P U T I N G  Δ ( N ) ,  H O N E S T LY

1 Start scanning the (alphabetically ordered) list of all symbol-strings 
from the start.

2 For each string, check whether it happens to be a well-formed recipe 
for a PR function.

3 Keep counting valid recipes found until you reach the n-th one — 
that's f .ₙ

4 Run f  on n, add one. Done — but step 3 had no advance bound on ₙ
how far to search.

i I N  P L A I N  E N G L I S H

A “for loop” always knows its limit in advance. This search doesn't 
— it stops only once it happens to find the n-th valid recipe.

T H E  C O N T R A S T  W I T H  P R

Primitive recursion always counts down a

known variable to 0 — the number of steps

is fixed before execution even starts.

T H E  TA K E AWAY

“Effectively computable” only requires the

search to eventually succeed — not that

you know in advance how long it will take.
That gap is exactly where  lives.δ
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P A R T  T W O

Ackermann's Function,
Up Close

Diagonalization proves that non-PR computable functions exist somewhere. Ackermann's function is a concrete, 

nameable example — and a spectacular demonstration of just how fast “computable but not PR” can grow.
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1 2 . 3   ·   D E F I N I T I O N  1 2 . 4

Ackermann's Function — Double Recursion

D E F I N I T I O N  1 2 . 4

A(0, n) = n + 1,          n ≥ 0

A(m, 0) = A(m−1, 1),     m > 0
A(m, n) = A(m−1, A(m, n−1)),  m, n > 0

i I N  P L A I N  E N G L I S H

Primitive recursion always recurses on one variable while the 
other stays fixed as a parameter. Ackermann's third rule recurses 
on BOTH m and n at once — to compute A(m,n) you first need 
A(m,n−1), and its result feeds back in as the argument to A(m−1,·). 
That self-referential double descent is what puts it outside PR 
entirely, even though it's a perfectly well-defined algorithm.

R E A D I N G  T H E  T H R E E  R U L E S

1 Base rule: with m = 0, Ackermann is just “add one” — no recursion 
needed at all.

2 Column rule: with n = 0, drop m by one and evaluate at n = 1 instead.

3 Main rule: both positive — first recurse on n, then feed that answer 
back in as n while dropping m by one.

P R  V S .  A C K E R M A N N ,  I N  O N E  L I N E

PR recursion:  h(x, n+1) = g(x, n, h(x,n))

Ackermann:  A(m,n) = A(m−1, A(m, n−1))
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1 2 . 3   ·   E X A M P L E  1 2 . 5

Worked Example — Evaluating A(1, 2)

W O R K E D  E X A M P L E

A(1, 2) = 4

A(1, 2) = A(0, A(1, 1))

= A(0, A(0, A(1, 0)))

= A(0, A(0, A(0, 1)))

= A(0, A(0, 2))

= A(0, 3)

= 4

Each step unfolds one recursive call until it bottoms out at m = 0, then 
rebuilds the answer on the way back up. A similar unfolding gives A(2,2) = 7.

F O L L O W I N G  T H E  R U L E S ,  L I N E  BY  L I N E

1 A(1,2): m,n > 0, so use the main rule — recurse on n first, giving A(0, 
A(1,1)).

2 A(1,1) and A(1,0) unfold the same way, bottoming out at A(1,0) = 
A(0,1) via the column rule.

3 From there every remaining call has m = 0, so each just adds one: 1 → 
2 → 3 → 4.

i I N  P L A I N  E N G L I S H

Notice how quickly the call stack grew for such small inputs — six 
nested calls just to reach A(1,2). That nesting depth is the seed of 
the explosive growth on the next slide.
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1 2 . 3   ·   G R O W T H  R AT E

The Explosive Growth of A(m, n)

Fixing the first argument turns Ackermann's function into a family of one-variable functions — each one qualitatively faster-growing than the last:

A(1, n) = n + 2 linear

A(2, n) = 2n + 3 still linear

A(3, n) = 2 ⁺n³ −  3 exponential

A(4, n) = 2↑ ↑ (n+3) −  3 a tower of 2's, n+3 high

i I N  P L A I N  E N G L I S H

A(4,n) uses tower notation 2↑↑k, meaning a stack of k 2's: 2^(2^(2^...)). Even A(4,2) 
already equals 2^65536 − 3 — a number with about 19,729 digits, from an input of 
just (4,2).

VERIF IED VALUES,  m =  0  TO 3

n=0 n=1 n=2 n=3

m=0 1 2 3 4

m=1 2 3 4 5

m=2 3 5 7 9

m=3 5 13 29 61

From m = 4 on, the values explode past anything writable in 
decimal — tower notation becomes essential, not optional.
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1 2 . 3   ·   P R O P E R T I E S

Properties of Ackermann's Function

1
A well-defined total function
A(m,n) produces an answer for every pair of naturals — the recursion always bottoms out.

2
Computable but not primitive recursive
Exactly the kind of function Theorem 12.3 promised must exist — now with a name and a formula.

3
Grows faster than any PR function
For any primitive recursive f, A(n,n) eventually overtakes f(n,n) and never falls back behind.

4
-recursiveμ

It fits the wider class from Definition 12.1 — built using minimization, not just composition and primitive recursion.

i I N  P L A I N  E N G L I S H

Property 3 is the deep one: Ackermann's function isn't just an example of a non-PR function — it's a witness against every PR function at once.
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1 2 . 3   ·   A P P L I C AT I O N S

Applications of Ackermann's Function

1
Computational complexity
Its inverse shows up in the true running-time bounds of certain classic algorithms, such as union-find.

2
Theory of recursive functions
The canonical textbook witness that “total computable” is a strictly bigger class than “primitive recursive.”

3
Compiler benchmarking
Its deep, non-tail recursion stress-tests how well a compiler can optimize recursive calls.

4
Specifying huge numbers
Used in areas like Ramsey theory to name bounds so large that ordinary notation can't express them.
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S U M M A R Y

Key Takeaways

1
Partial means honest, not broken
A partially computable function may search forever outside its domain — that's a fact about the function, not a flaw in the algorithm.

2
Countability enables diagonalization
Because every PR function has a finite recipe, they can be numbered f₀, f₁, f₂, ... — and numbered lists can be diagonalized against.

3
(n) = f (n) + 1 escapes PR by constructionδ ₙ

If δ were PR it would be some f_d, forcing f_d(d) = f_d(d) + 1 — a contradiction that proves non-PR computable functions exist.

4
Ackermann's function makes it concrete
Double recursion on both arguments at once produces a total, computable function that provably outgrows every primitive recursive one.
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Thank You
Questions on partial recursiveness, diagonalization, or Ackermann's function?

Prof. K. R. Chowdhary
Professor of CS  ·  Theory of Formal Languages, Lecture 12
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