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14.1 DECISION PROBLEMS & RECURSIVE LANGUAGES 14-1

From decision problems to
recursive languages

RE

A decision problem asks a membership question — “Isw &€ L?” — answered Yes or
No.

Recursive (R)

Completeness requires the TM to terminate on every input string.

Decidable

Every TM solution to a decision problem defines a Recursive (R) language.

Example

Is a given number a perfect square? — this decision problem is decidable.
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14.1 DEFINITIONS 14-1

Recognizable, decidable, semi-decidable

Def 14.1 Def 14.2 Def 14.3

Turing recognizable (RE) Turing decidable Semi-decidable
A TM M exists with L(M) = L. M may never halt A TM M decides L, halting on every input w € L M semi-decides L iff w € L & M halts on w. L is
on some inputs — it can loop forever. (and every w €& L). RE iff some M semi-decides it.
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THEOREM 14.4 14-2

Recursive languages are closed
under complement

If L is recursive, then its complement L is also recursive.

a Accepting states of M become non-accepting in M’ (no transitions out).

o The new accepting state s in M” has no outgoing transitions.

e M’ accepts exactly when M does not — so M’ always halts and accepts
L.

M(w) yields ‘y’ & M’(w) yields ‘n’ — so M’ decides L.

TFL — Lecture 14 | Decidable Properties of Regular Languages 2



THEOREM 14.4 — CONSTRUCTION 14-2

Building 6’ from 6

The transition function &” for M’ is defined piecewise from &:

Condition 6'(q, a) =
Key idea

6(q,a)=y n

&’ simply swaps the accept/reject verdicts of
6(q, a)=n y 0, leaving every other transition untouched.
otherwise 6(q, a)

Result: M decides L, so L is recursive. O
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14.2 DECIDABLE LANGUAGES 14-3

Encoding computational problems
as languages

We test whether a DFA B accepts string w by asking: is (B, w) a member of the language ADFA?

A_DFA = { (B,w) | Bis a DFA that accepts input string w }

showing a language is decidable = showing the computational problem is decidable.

‘ Acceptance c Emptiness

Does a finite automaton accept a given string? Is the language of a finite automaton empty?

“ Equivalence

Do two finite automata recognize the same
language?
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THEOREM 14.5 14-3

A DFA is decidable

Simulate the DFA on the input string; accept iff the simulation accepts.

accepts

(B, w) Simulate

. .
input DFA B on w B accepts? Accept / Reject

rejects

TM M receives (B, w). It simulates DFA B with w as input. If B accepts w, M accepts; otherwise M rejects. Since this simulation always halts, M decides

A_DFA.

Same approach extends to A_NFA: convert N = equivalent DFA D (via T,), then decide (D, w) (via T,).
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THEOREM 14.6

A REX is decidable

A_REX ={ (R, w) | Risaregular expression that generates string w }

Convert > Feed forward > Simulate

Run T, to convert regular expression R . Run T, on input (A, w) (the A_NFA
. . Pass (A, w) as input to TM T,. )
into an equivalent NFA A. decider).

Chaining deciders: A_REX reduces to A_NFA, which reduces to A_DFA — each step preserves decidability.
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Decide

If T, accepts, T, accepts; otherwise T,
rejects.



THEOREM 14.7 14-4

E DFA is decidable

A DFA accepts some string iff an accept state is reachable from the start state along the transition graph.

Marking algorithm — TM T on input (A)

Q Mark the start state of A. O

start

accept state
(unmarked)

a Mark every state reachable by a transition from an already-marked state.

e If no accept state is marked, accept; otherwise, reject.

marked states shown filled navy — no accept state gets marked here, so T
accepts (L(A) = ©).
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THEOREM 14.8 14-4

EQ_DFA is decidable

EQ _DFA={ (A B) | A BareDFAsand L(A) =L(B) }

Construct DFA D that accepts strings in exactly one of A, B (symmetric difference).
If L(A) = L(B), D accepts nothing.

Use Theorem 14.7 (E_DFA) to test whether L(D) is empty.

If L(D) = @, accept (languages equal); else reject.
D = (L(A)nL(BJ) U (L(B)nL(A))

Reduction pattern: EQ_DFA — E_DFA — recurring theme across Theorems 14.5-14.8.
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