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4.1 INTRODUCING

Variations That Extend the Turing Machine

i | 2 3 4

Multiple tape TM Multiple track T™M Two-dimensional TM Multidimensional TM

5 6 7 8

Two-way infinite tape Nondeterministic TM Combinations of the above Universal Turing Machine

THEOREM 4.1

The operations of a TM allowing some or all of the above extensions can be simulated by a standard TM. The extensions do not give us
machines more powerful than the TM.

Power here means problem-solving capability, not computation speed — the extensions remain useful for designing machines suited to particular problems.
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4.2 MULTI-TAPE TURING MACHINES
k Tapes, k Read-Write Heads

A multi-tape TM has k tapes and k independent read-write heads, each tape
extending infinitely in one direction. On each move, depending on the state
and the k symbols read, the machine can:

Change to a new state
Write a new symbol at the current head position on each tape

Move each head right, left, or leave it stationary — independently

(ONCONC©)

A standard TM is simply a multi-tape TM with k = 1. Multi-tape TMs suit specific tasks
(e.g. copying a string) but their time complexity stays in P.
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Tape 1

Figure 4.1 — Multi-tape Turing machine




FORMALISM

The Multi-tape Transition Function

For k = 1 tapes, the transition function has type:

0:(Q-H)xI'k — QxIkx {L, R}k

A specific transition takes the form:

6(qj,a1,... ,ak)= (qj, (b1,... ,bk), (d1,... ,dk))

ay, ..., ak original symbols on tapes Ty, ..., Tk
b,, ..., bk new symbols written on those tapes

d,, ..., dx head displacements, each d; € {L, R}

A single transition: change state, write one symbol per tape, then reposition each head independently.
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4.2.1 TWO-TAPE TURING MACHINE

Two Tapes, One Shared State

A two-tape TM has two read/write tapes and heads, but a single shared state. Each transition writes a symbol on both tapes, then both heads move right,
both left, or one each way.

6@i;f@,b))=@Qqsl@’,b’],d,d), d€ {L,R}

EXAMPLE MOVES ON TWO TAPES AT POSITION [a, b]

Since heads act independently, multi-tape TMs excel at tasks like copying a string from one tape to another.
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Recognizing a%b® with a Two-Tape TM

With w on tape 1, the machine recognizes L ={ a"b" | n 20 } in three stages:

Copy Align

Copy the run of a's from tape 1 onto tape 2. Move head 1 to the start of the b's on tape
1, and head 2 to the last a on tape 2.

If a's remain when a b is expected, or vice versa, the machine halts without accepting.
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B

Compare

Compare the b's on tape 1 against the a's
on tape 2, moving the heads in opposite
directions.



VISUALIZING THE MACHINE

Two-Tape Transition Diagram for a®b”

Copy Compare

ala, R; Bla, R] blb, R; ala, L]

Align O Accept
B|B, R; B|B, R] O[blbﬁS:BlBﬁL] ~/ BB L; B|B, R] .

41

Figure 4.2 — Recognition of L={ a"b" | n = 0 } using a two-tape TM
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EXAMPLE 4.2, CONTINUED

Two Tapes Beat One — Linear vs. Quadratic

For |w| = 2n, the machine makes 1 +n+ 1+ n+ 1 =2n+ 3 transitions — giving n + 3 transitions per unit of input length n, since the constant 3 doesn't
grow.

TWO-TAPE TM

O(n)

STANDARD TM

0(n?)

Linear — grows proportionally with input size Quadratic — grows with the square of input size

Both are Polynomial (P), but the two-tape machine scales far better as input grows — a concrete example of how tape extensions help performance
without adding computational power.

Theory of Formal Languages e Lecture 4 e Turing Machine Extensions 8



Recognizing ww® with a Two-Tape TM

L={ww" | w € {a,b}* }. With w on tape 1, the machine works in four stages:

4

Copy Rewind Align Compare
Copy string w onto tape 2. Move head 1 back to the extreme Head 1 to extreme left, head 2 to Compare tape 1 and tape 2,
left. extreme right — opposite ends. moving heads toward each other.

The transition diagram (next slide) shows this exact sequence of stages.
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VISUALIZING THE MACHINE

Two-Tape Transition Diagram for wwR

Copy Rewind Compare

la|a, R; Bla, R] la|a, L; X| X, S] lala, R;a

a, L]

[blb, R; B|b, R blb, L; X| X, S] [blb, R; blb, L]

B|B, R; B|B, R] O Alien

Figure 4.3 — Two-tape Turing machine to recognize L = { ww"® | w € {a,b}* }
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EXAMPLE 4.3, CONTINUED

Counting the Transitions

Align
Copy
Align
Rewind
Align
Compare

Align

Total=3n + 4 — 0(n) — Polynomial (P)
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Recognizing ww with a Two-Tape TM

L={ww | w € {a,b}* }, with ww initially on tape 1. x is the symbol on tape 1, y the (independent) symbol on tape 2.

4

1. Copy 2. Align 3. Align (q2 to q4) 4. Compare

Copy tape 1 to tape 2 in a loop on qp. In the loop on q,, gs, head 1 moves left Move both heads right one step: head Compare the two copies of w symbol
Both heads end at the right-most 2 steps for every 1 step of head 2, until 1 lands on the first symbol of w, head 2 by symbol in state qa.

positions. head 1 reaches the extreme left as on the first symbol of the second w.

head 2 reaches the midpoint.

Where a transition shows the same symbol x on both tapes, e.g. [x| x,R; x| x,R] at q., it means the two tapes hold identical values at that position.
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VISUALIZING THE MACHINE

Two-Tape Transition Diagram for ww
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Copy Align

[X|X,R; B|X,R] [X|X,L; Y|Y,S]
() 72N
() ——>(——> () ——>

[B|B,R; B|B,R] ~[B|BL;B|BLI| [X|XL;Y|Y,L]

[B|B,R; Y|Y,R]

Figure 4.4 — Two-tape TM to recognize L = { ww | w € {a,b}* }
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@ Key Takeaways

1 TM extensions (multi-tape, multi-track, multidimensional, nondeterministic, universal, ...) can all be simulated by a standard TM — they add
convenience, not computational power (Theorem 4.1).

2 A k-tape TM transitions via &(q;, as,...,ak) = (qj, (by,...,bk), (ds,...,d)) — one shared state, k independent heads.
3 Two-tape machines recognize a"b", ww®, and ww using copy — align = compare patterns, all running in O(n) — versus O(n?) for a standard single-tape
TMon a"b".

l|. Both remain Polynomial (P) — extensions change the constant/degree of the complexity, never the class of problems solvable.



	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14

