THEORY OF FORMAL LANGUAGES - LECTURE 6

Linear Bounded Automata

and Context-Sensitive Grammars

Type-1 languages - the machine that fits in its own input



6.1 INTRODUCTION

Languages form a strict hierarchy

Recursively enumerable (type 0)

Context-sensitive (type 1)

Context-free (type 2)

Regular (type 3)

Table 6.1 — the four classical types, their grammars and their machines.

Strict containment

REG ¢ CFL c CSL c RE

Each inclusion is proper — every level adds
languages the level below cannot describe.

Learning outcomes

° Place a language in the hierarchy
° Write and read CS grammars

° Reason about LBA space bounds



TABLE 6.1 - CHOMSKY HIERARCHY

Grammar, machine and a witness language

Language Grammar Machine Example
Regular Right- / left-linear grammar Finite-state acceptor (DFA or NFA) a*
Context-free Context-free grammar Nondeterministic pushdown automaton anbn
Context-sensitive Context-sensitive grammar Linear-bounded automaton anbncn
. . . . any computable
Type 0 Recursively enum. Unrestricted grammar Turing machine .
function

The highlighted row is the subject of this lecture.




TABLE 6.2 - EXTENDED HIERARCHY

Six rungs, not four

Recursively enumerable

Turing machine

Recursive Turing machine that halts

Linear-bounded automaton

Context-sensitive

Context-free Nondeterministic PDA

Deterministic context-free Deterministic PDA

Regular Finite-state acceptor

Recursive sits strictly between
CSL and RE — a TM that always
halts, but with no space bound.

DPDA & NPDA

Determinism costs power at the
pushdown level.



6.2 - A CAUTION

Not every class fits the ladder

Linear languages and deterministic context-free languages both sit between regular and context-free — but they cross each other.

Context-free languages

Regular

Deterministic CF

Dozens of language classes have been defined; the four classical types are the ones every textbook teaches.

a Linear, not deterministic CF

Left lobe only

a Deterministic CF, not linear

Right lobe only

e Both

The overlap — all regular languages live
here



6.2 - G=(x,V,S,P)

A grammar family = a restriction on production shape

Context-free Context-sensitive Unrestricted

A-aA | a | € A - a u- v, jul] = |v]| u-v
- - -
One variable on the left, at most One variable on the left; ais any Strings on both sides, but the rule Any u containing at least one
one on the right, always at the right string over V U X. Context is may never shorten the sentential variable; v is unconstrained.
end. ignored. form. Nothing is forbidden.

Fewer restrictions — more languages generated — a more powerful machine needed to recognise them.



DEFINITIONS 6.1 AND 6.3

Unrestricted and context-sensitive grammars

Definition 6.1 — Unrestricted grammar Definition 6.3 — Context-sensitive grammar

G=(Z,V,S, P) with productions u = vwhereu,v € (V U X)* and u G=(Z,V,S, P)with productions u = vwhereu,v € (V UX)*, |u| < |
contains at least one variable symbol. v|, and u contains at least one variable symbol.

No length condition — v may be shorter than u. The added condition |u| < |v| makes the grammar noncontracting.

What “noncontracting” looks like in a derivation
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Length never decreases, so every sentential form in a derivation of w is at most |w| long.



EXAMPLE 6.2

Generating a®b®c?, a language no CFG can produce

The grammar

Derivation of aabbcc

S
\4
aAbc

aaAbCbc

aabCbc

aabbCc

using

using

using

using

using

S - aAbc

A - aAbC

Cb - bC

Cc - cc



THEOREMS 6.4 AND 6.5

CFL C CSL, and the inclusion is strict

Theorem 6.4 — every context-free language is context-sensitive

A CF production A = v is the CS production xAy = xvy with x =y = €.
Every CFG is already a CSG.

An e-free grammar S

S - aXBC | aBC

X - aXBC | aBC

CB - BC aB - ab el

bB - bb bC - bc o Be

cC - cc

Different grammars, one language — either can be transformed into the other, or both into a normal form.

Theorem 6.5 — some context-sensitive language is not context-

free

a"b"c" fails the CF pumping lemma, yet the e-free grammar below

generates it.

—_— aXBC
S-axXBC
—_— aabbCC
bB-bb

—_—

—_—

aaBCBC

X-aBC

aabbcC

bC-bc

—_— aabCBC
aB-ab

q
cC-cc



THEOREMS 6.6 AND 6.7

Every context-sensitive language is recursive

Noncontracting

|u| < |v| means no derivation
step ever shrinks the sentential
form.

Finitely many forms

For each length n there are only
finitely many sentential forms of
length n.

Bounded search

So the number of derivation steps
that could yield w is bounded —
and so is the number of
derivations.

Theorem 6.7 — there exists a recursive language that is not context-sensitive.

Decision

w € L exactly when one of those
finitely many derivations
produces w. The search
terminates.

Left as an exercise. Together with Theorem 6.6 it places CSL strictly inside the recursive languages — the gap between “decidable” and “decidable in linear

space”.



6.3

Linear Bounded Automata

A Turing machine that may use only the tape space its input already occupies.



6.3 - ORIGINS

Where the model came from

1960 c. 1961

Myhill Landweber

Introduces the deterministic linear bounded
automaton as a model of a real computer,
not of computation in the abstract.

Proves that every language accepted by a
deterministic LBA is context-sensitive.

1964

Kuroda

Generalises to the nondeterministic LBA
and shows the languages accepted are
exactly the context-sensitive ones.

LBAs never found the practical use pushdown automata did, but they fix the exact machine counterpart of type-1 grammars.



The physical model

A multi-track Turing machine with a single tape whose usable length equals the length of the input, fenced by two end-markers.

Left-end Right-end

marker \ Input string marker

Working space = input length

A
\ 4

read / write head

L/ Ronly

The head may never move left of ‘<’ or right of ‘>’, and may never overwrite either marker — that is what keeps the storage bound intact.

Analogy: space used by a C program = the compiled code plus all declared variables, provided it allocates nothing dynamically.



6.3 - M=(Q, =z, I, A, S, H)

The seven-tuple, spelled out

r=zu {<, >
{<, >} As a production

Tape alphabet is the input alphabet plus the two end-markers.

a - f
<

|B]

Every LBA move is a noncontracting rewrite — the

Start: (s, <x>, 0) with |a]

Head on the first input symbol; O or blank follows the right marker.

same condition that defines a CS grammar.

{t, r}

Two halting states — t accepts, r rejects. For an LBA, halting means accepting.
Equivalent definition

0 : (Q-H) xT - QxT x {L, R} An LBA may use k - |w| cells for a fixed k — k tape

cells can always be folded into one by enlargingI.
Nondeterministic in general; each move writes a symbol and shifts one cell.



6.4 - SPACE BOUNDS

Why the length restriction matters

With |a| = |B]| Without it
ceiling = |w| no ceiling I
sentential forms forms grow without limit
No form exceeds |w|, so at most (|| + |V|)*|w| derivations need Intermediate forms may grow arbitrarily long. Searching for a derivation
checking — finite, therefore searchable. of w, there is no point at which we know to stop.

The machine is given a finite memory fixed by its input — which is precisely a linear bounded automaton.



How many configurations can an LBA have?

a(n) = mn x n x [qf

mr n | Q]

possible tape contents head positions states

Large, but finite — and finiteness is the whole argument behind the results that follow.



6.4 - AN OPEN PROBLEM

Does nondeterminism add power?

Finite automata NFA = DFA No — subset construction.

Yes. 2* - {ww} is CF but its complement is not; a DPDA's complement is obtained

Pushdown automata NPDA 2 DPDA o
by swapping final states.
. Unknown. Still open. The complement argument fails — CSLs were shown closed
Linear bounded automata NLBA vs DLBA ben P 8
under complement in 1988.
Turing machines NTM = TM No — a deterministic TM can simulate any nondeterministic one.

Nondeterminism matters only in the middle of the hierarchy — and at the context-sensitive level nobody yet knows.



THEOREMS 6.9 AND 6.11

A language is accepted by an LBA iff it is context-sensitive

Part1-CSL = LBA

Build a two-track LBA from the grammar G

track 1 : input w

track 2 : sentential form a (starts at S)

Guess a position i in a.

Guess a production 3 = y of G.

If B occurs at i, replace it by y.

If a now exceeds |w|, halt without accepting.

If a equals w, accept; otherwise repeat.

Part 2 -LBA — CSG

A grammar whose derivations simulate M's moves, generating L - {€}

o Duplicate

Productions generate two copies of a string in £*, with marker symbols
keeping the copies apart.

o Simulate

Productions simulate a run of M. One copy is left untouched; the other
plays the role of M's tape and is rewritten move by move.

o Erase

Productions delete everything except the untouched copy — but only if
the simulated run made M accept.

What survives the derivation is exactly the set of strings M accepts.



EXAMPLE 6.12

A second grammar for a®b®c®

. Derivation of aabbcc
Productions

S - abc | aAbc S — aAbc — abAc

Ab bA

Ac
abBbcc — aBbbcc

bB

aB

The same language also follows from { S - SBc | abc, c¢cB - Bc, bB -
bb }.

Grammars for one language can always be transformed into one another by simplification, normal
forms and reduction — both of these are context-sensitive.

The bounded storage of an LBA makes it a closer model of a real computer than a Turing machine, whose tape is assumed unlimited.



THEOREM 6.13 - 6.5 DETECTING NON-ACCEPTANCE
The halting problem is solvable for LBAs

Simulate M and count. If it is still running afterm " - n - | Q| steps it has repeated a configuration — so it is looping, and we may stop and reject.

Cs =C, = the run repeats for ever

Halt_LBA

C2
{(M,w) | MisanLBA and M

halts on w } is decidable.
C1

Cc3

A configuration = current state + head position + tape contents.

LBA — finite tape Turing machine — unlimited tape

Finitely many configurations, so a repeat is guaranteed and detectable. The configuration space is infinite, the argument collapses, and no
Every CSL is recursive. general way of spotting non-termination exists.




COROLLARIES 6.14, 6.15 - THEOREM 6.16

What follows immediately

Membership is solvable

A_LBA={(M,w) | Mis an LBA and M accepts w } is decidable.

Sets accepted are recursive

Every set an LBA accepts is a recursive set.

Every CSL is recursive

Simulate the derivation of G on a 3-tape nondeterministic TM: tape 1 holds the input, tape 2 the
current sentential form, tape 3 the derivation.

An LBA that stops on w does so within a bound fixed by |w| — decidability comes for free.

Church-Turing thesis

Anything achievable by a mechanical
procedure is achievable by a Turing
machine.

Any L € X* a procedure can
recognise, a TM can recognise.

Any f: N —= N a procedure can
compute, a TM can compute.




IN SUMMARY

Six things to carry away

1 A CS grammar is noncontracting 2 a"b"c" separates type 1 from type 2

u — v with |u| £ |v| and at least one variable in u. Not context-free, but easily context-sensitive.
3 AnLBAis a space-bounded TM 4 LBA—=CSL

Usable tape = the input, fenced by ‘<’ and ‘>". Kuroda: nondeterministic LBAs accept exactly the CSLs.
5 Configurations are finite: m"n-|Q| 6 NLBA vs DLBA remains open

So halting and membership are both decidable. Unresolved even after CSLs were shown closed under complement in 1988.
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