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Turing Computable Functions
From numbers on a tape to the partial recursive functions

Ψ⁽ⁿ⁾(x₁, …, x )  —  what a machine computes, when it stopsₙ
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8 . 1   ·   F I G U R E  7 . 1

A function is a one-way relation

Relations

Functions

(a)   every function is a relation, not every relation is a 
function

X Y

xᵢ yⱼ
f

(b)   exactly one arrow leaves every point of X

f  X × Y⊆

For each x  X there ∈
is exactly one y  Y ∈
with (x, y)  f.∈

A relation may run both ways — R has an inverse R⁻¹. A function does not: it is a one-way rule from X to Y.

The 'functions as graph' view: a function is nothing more than its set of input–output pairs.



8 . 1   ·   T W O  N O T I O N S  O F  E Q U A L I T Y

Two functions are equal — in which sense?

Extensional equality

f = g  iff  f(x) = g(x) for every x  X∈

Only the input–output behaviour is observable.

f(x) = x · x

outputs:  0 1 4 9 16 25

g(x) = 0+1+3+5+…+(2x−1)

outputs:  0 1 4 9 16 25

Same outputs everywhere  →  extensionally equal.

Intensional equality

f = g  iff  they are given by the same rule or the same computation steps

The two rules above are NOT intensionally equal:

x · x

1 multiplication  ·  constant work

sum of x odd numbers

x additions  ·  work grows with x

Same graph, different cost — and cost is what a programmer sees.

Under the graph view, a function need not be given by any rule at all; under the rule view, the rule is the function.



8 . 1   ·   I N T E N S I O N A L  Q U E S T I O N S

A program is a rule, not just a graph
Two programs with identical input–output behaviour are the same function to a mathematician and very different products to a user.

?

Time

How many steps does it take to 
produce the output?

?

Memory

How much working store and disk 
space is consumed?

?

Bandwidth

How much communication does 
the computation need?

?

Method

By what sequence of steps is the 
answer reached?

Where this lecture stands

Computability theory is extensional — it asks which functions can be computed at all, not how cheaply. Complexity theory is the intensional sequel. 
Everything that follows is about the first question.



8 . 1   ·   R O A D M A P  O F  T H E  C H A P T E R

How the class of computable functions is built

1 Base functions

A few elementary functions on  — zero, ℕ
successor, projections.

2 Composition +
primitive recursion

Two ways of building new functions from old.

3 Primitive recursive

Already covers nearly all everyday arithmetic.

4 Arithmetization +
diagonalization

Construct a function that is computable but 
NOT primitive recursive.

5 Minimalization

Search for the least y with a given property — 
may not terminate.

6 Partial recursive

The full class. Total members are the recursive 
functions.

Minimalization is the step that admits functions which may fail to halt — hence 'partial'.



8 . 2   ·   T H E  TA L LY  C O N V E N T I O N

Putting a number on a tape
A Turing machine manipulates symbols, so numbers must first be spelled out in symbols. One symbol suffices.

n̄   =  1ⁿ ¹⁺

0̄  = 1 1 tally mark

1̄  = 1 1 2 tally marks

2̄  = 1 1 1 3 tally marks

3̄  = 1 1 1 1 4 tally marks

Why n + 1 marks?

With n marks, 0 would be the empty 
expression — indistinguishable from blank 
tape. The extra mark makes every number 
visible, and makes the separator B 
unambiguous.

Counting marks

<M>  =  the number of 1's occurring in 
the expression M

<PQ> = <P> + <Q>

Concatenating expressions adds their counts.

CORRECTION

The notes give <111BS₄q₃> = 2. Counting 1's in that expression gives 3. The value 2 is the number the 
three marks represent under  = 1ⁿ⁺¹. Only the raw count satisfies <PQ> = <P> + <Q>, so read <M> as n̄
the count: <111BS₄q₃> = 3.



8 . 2   ·   E Q U AT I O N  7 . 1

Several arguments, one tape

(n₁, n₂, …, n )‾   =   n̄ ₁ B n̄ ₂ B … B n̄𝑘 𝑘

Arguments are written in tally and separated by a single blank.

Worked example:   (3, 2, 0)‾

1 1 1 1 B 1 1 1 B 1

3̄ = 1111

three  →  four marks

2̄ = 111

two  →  three marks

0̄ = 1

zero  →  one mark

(3, 2, 0)‾  =  1111 B 111 B 1

Because every argument carries at least one mark, a blank always has a mark on either side — so the machine can never confuse a separator with the end 
of the input.



8 . 2   ·   Ψ ⁽ ⁿ ⁾

What function does a Turing machine compute?
Start T in configuration α₁ = q₁(m₁, m₂, …, m )‾ and let it run. Exactly one of two things happens.ₙ

α₁ = q₁(m₁,…,m )‾ₙ

input written on the tape, machine in 
its start state

1 The computation α₁, α₂, …, α  exists and is finite𝑝

Ψ ⁿ (m₁, …, m )  =  <α >  =  <Res_T(α₁)>⁽ ⁾ ₙ 𝑝

The value is simply the number of 1's left on the tape when the machine stops.

2 No terminal computation exists — T never stops

Ψ ⁿ (m₁, …, m )   is undefined⁽ ⁾ ₙ

The tuple simply is not in the domain of the function. Nothing is returned, and nothing announces that.

Every machine T therefore defines one n-ary function for each n ≥ 1.  We write Ψ_T(x) for Ψ_T⁽¹⁾(x).



8 . 2   ·   A  D I S T I N C T I O N  T H AT  M AT T E R S

Computable, or only partially computable?

Computable (total)

The machine halts on every input. A value is always produced, in finitely 
many steps.

Example:  f(x) = x², or x + y — the addition machine of Example 7.2 stops on 
every pair.

Partially computable

An algorithm exists that returns the value for every input in the domain 
— but on an input outside the domain it computes forever, never 
announcing failure.

Example:  f(x) = the least y such that the y-th Turing machine halts on input x. 
Search forever if no such y exists.

What “forever” looks like from outside

step 1 step 2 step 3 … step 10⁹ …

Still running is indistinguishable from about to stop. That is exactly why partiality is 
unavoidable.

CORRECTION

The notes offer f(x) = eˣ as computable and f(x) = tan(x) as partially computable 
because tan(π/2) = ∞. Both are real-valued, so neither is a function on  that a ℕ
Turing machine computes. And tan is undefined at π/2, not infinite — 
undefinedness there is a fact about the formula, not about an algorithm running 
forever. Partiality here means non-termination, as in the example above.



D E F I N I T I O N  8 . 1

The partial recursive functions

The smallest class of functions over Σ* that contains the base functions and is closed under composition, primitive recursion and 
minimalization.
The recursive functions are those partial recursive functions that are defined for every input.

Composition

h(x) = f(g(x))

Feed one function's output into another. Total 
in, total out.

Primitive recursion

h(0) = f(x)

h(n+1) = g(n, h(n))

Define a value from the previous one. The 
recursion always bottoms out.

Minimalization

h(x) = μy [ f(x, y) = 0 ]

Take the least y making f vanish. If no such y 
exists, the search never ends.

Only the third operation can fail to return. Drop it and you get the primitive recursive functions — all total, but too few.



8 . 2   ·   A D E Q U A C Y  O F  T H E  I D E N T I F I C AT I O N

Four definitions, one class
Around 1936 several people, working largely independently, tried to pin down “effectively calculable”. The proposals looked nothing alike.

Church

λ-definability

Gödel–Herbrand

general recursiveness

Kleene

general recursiveness

Turing

computability by machine

One and the same class of functions

All four notions were later proved equivalent. That convergence is 
the evidence for the Church–Turing thesis.

The thesis is not a theorem — it identifies an informal notion with a precise one, and rests on this agreement of independent definitions.



8 . 2   ·   I N S TA N TA N E O U S  D E S C R I P T I O N S

Reading a computation step by step
An instantaneous description records everything about a machine at one moment: the tape, the state, and where the head is.

P

tape to the left

qᵢ

current state

Sⱼ

scanned symbol

Q

tape to the right

α  =

Why stepping is effective

1 Write α in the form P qᵢ S  Q.ⱼ

2 Look through T's quadruples for one beginning qᵢ S .ⱼ

3 None found → α is terminal, the machine halts.

4 One found → it names the unique β with α  β.⇒

A finite table lookup at every step — that is what makes the procedure mechanical.

The three shapes of a quadruple

qᵢ S  S  qⱼ 𝑘 𝑙 overwrite S  by S , head stays putⱼ 𝑘

qᵢ S  R qⱼ 𝑙 move one square right

qᵢ S  L qⱼ 𝑙 move one square left

Read: “in state qᵢ scanning S , do this, then enter state q .”ⱼ 𝑙

Correction: the notes say “locate the quadruple which begins with qᵢSᵢ” — it must be qᵢS , the symbol actually scanned.ⱼ



E X A M P L E  8 . 2   ·   F I G U R E  7 . 2

A machine that adds
Ψ_T⁽²⁾(x, y) = x + y, built from quintuples qᵢ S  S  d q  with d  {L, R, S}.ⱼ 𝑘 𝑙 ∈

B|B, R 1|1, R B|1, R 1|1, R B|B, L

1|B, L

1|B, L

1|1, R 1|1, R

1|1, L

q0 q1 q2 q3 q4 q5

q6q7

start

halt

q0 – q1

walk onto the first block of 
marks

q2

cross , then write 1 over the x̄
separating B — the two blocks 
are now joined

q3 – q4

cross ȳ to the right-hand end

q5 – q6

erase two marks from the right 
end

q7

walk back to the left and halt



E X A M P L E  8 . 2   ·   S T E P - B Y - S T E P  T R A C E

The machine on input (2, 1)
Start tape B 111 B 11 B — three marks for x = 2, two marks for y = 1. Four marks should remain.

1 q₀B111B11B start

the head sits on the leading blank

2 B111q₂B11B q₂ at the separator

 has been crossed; the blank is about to become a markx̄

3 B1111q₃11B separator overwritten

B → 1 joins the two blocks: six marks now

4 B111111q₄B right end reached

ȳ crossed; the head falls off onto the blank

5 B1111q₆1BB one mark erased

q₅ deleted the last mark, q₆ is deleting the next

6 q₇B1111BBB halt

four marks remain: 1⁴ = 3 = 2 + 1

Fourteen steps in all. The state symbol sits immediately to the left of the square being scanned, so no separate arrow for L or R is needed.



E X A M P L E  8 . 2   ·   T H E  A R I T H M E T I C  B E H I N D  T H E  D E S I G N

Why the machine erases exactly two marks
The tally convention carries one spare mark per argument. Joining the blocks adds one more. Three marks too many, one must survive — so 
two are erased.

Input

x̄  B ȳ

(x+1) + (y+1) marks

= x + y + 2

After B → 1

x̄  1 ȳ

one more mark

= x + y + 3

Erase two

1ˣ ʸ ¹⁺ ⁺

two marks removed

= x + y + 1

Read off

x + y‾

which is exactly

x + y

Checking it on the trace:   x = 2, y = 1

111 B 11

5 marks

111 1 11

6 marks

1111

4 marks

= 3‾

3 = 2 + 1



E R R ATA   ·   R E A D  A L O N G S I D E  T H E  H A N D O U T

Corrections to the lecture notes

§7.2 <111BS₄q₃> = 2
= 3 — the expression holds three 1's. (2 is the number they represent, but <PQ> = <P>+<Q> only holds for the 
raw count.)

§7.2 tan(π/2) = ∞, so tan is partially 
computable

tan is undefined at π/2, not infinite; and a real-valued function is not a candidate here. Partial computability 
means the algorithm may fail to halt.

§7.2 …locate the quadruple which begins 
with qᵢSᵢ qᵢS  — the symbol scanned in α = P qᵢ S  Q.ⱼ ⱼ

§7.2 α₁ = q₁(m₁,…,m )‾ but later α₁ = q₀m̄ ₀ₙ One start state throughout; the addition machine uses q₀.

Ex. 7.2 f(x, y) = X + Y;  quintuples 
qᵢSᵢS dqⱼ ⱼ f(x, y) = x + y;  quintuples qᵢS S dq  — four independent indices.ⱼ 𝑘 𝑙

§7.1 the class … is till “not large 
enough” still.

The mathematics of the lecture is unaffected — these are slips of notation and of example, not of argument. The addition trace itself checks out step by step.



I N  S U M M A R Y

Six things to carry away

1 Graph vs rule

Extensionally a function is its input–output pairs; intensionally it is the 
method.

2 Numbers become marks

 = 1ⁿ⁺¹, tuples separated by B — so 0 is still visible on the tape.n̄

3 A machine defines a function

Ψ_T⁽ⁿ⁾ is the count of 1's at halt, and undefined when T runs on.

4 Partial ≠ broken

Partially computable means the algorithm may never return, with no warning.

5 Three closure operations

Composition, primitive recursion, minimalization — only the last can diverge.

6 Everything agrees

λ-definability, general recursiveness and TM-computability define one class.

Lecture 7  ·  Theory of Formal Languages  ·  Prof. K.R. Chowdhary
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