THEORY OF FORMAL LANGUAGES e LECTURE 9

Primitive Recursive
Functions

How every basic arithmetic operation — addition, multiplication, factorial, exponentiation — can be
built from three simple ingredients and two rules of construction.

INSTRUCTOR

Prof. K.R. Chowdhary, Professor of CS



9.1 FOUNDATIONS

What is a Primitive Recursive Function?

A number-theoretic function mapping natural numbers to natural numbers:

Recursive (computable) functions

fiNgxNgx..xN, =N

Such a function taking n arguments is called n-ary. PR functions are built from a small
set of starting functions using two operations:

Composition — pl ing functi int th . eas
posi plugging functions into one another Primitive
Recursive

oL . .. . . - »
Primitive recursion — defining a function's value from its own “simpler” values (composition + primitive recursion)

Almost everything in elementary arithmetic — addition, subtraction, multiplication,
exponentiation, factorial — is primitive recursive. It is hard to name a common
numeric function that is not.
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9.1.1 BASIC FUNCTIONS

The Three Starting Blocks

Every primitive recursive function is ultimately assembled from these three basic functions.

ZERO

Z(x)=0

The constant function N — N that always
returns 0, regardless of input.
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SUCCESSOR

Sx)=x+1

Returns the next natural number. Repeated
successors build every constant, e.g. 3 =
S(S(s(0))).

PROJECTION

P(x1,...,XK,...,Xn) = Xk

Selects the k-th of n arguments (0 < k < n).
When n =k = 1 this is the identity, I1(x) = x.
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9.1.1 COMPOSITION WITH PROJECTIONS

Projections Select and Reorder Arguments

Writing out every identity/projection explicitly is tedious, so we usually write

arguments directly: f(x,y) = x + y instead of u*(x,y) + u®,(x,y).
w1l

Projections become powerful when composed with a function g to permute or
select arguments. For example, swapping the order of two arguments:

w2

fwi,wa) =g(P22(W1,W2), P4 (Wi,wz)) = g(Wz,w1)

This is exactly what lets a fixed-arity function like g feed on any chosen subset, or
order, of another function's arguments.
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9.1.1 COMPOSING MULTIPLE FUNCTIONS

f(a,b,c) =g(h(c,a),h(a, b))

Suppose g and h are both arity-2 primitive recursive functions. Composing them
through projections gives a new, well-defined 3-ary function:

f(a,b,c) = g(h(P’s(a,b,c), P’1(a,b,c)), h(P’1(a,b,c), P2(a,b,c)))

Each projection simply hands the right argument, in the right position, to the
right inner call — the diagram shows the flow of values from the three inputs up
to the final result. a b C
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9.1.2 PRIMITIVE RECURSION

Defining a Function From Itself

Let g : N> > N and let ¢ € N be a constant. A new function h : N = N is defined
by primitive recursion from g and c as:

h() =c

g(0,h{0)} g(1,h(1))

h(x+1) =g(X, h(x)) h(0)
=

We write h = Pr[g, c]. To compute h(x), the chain unwinds all the way down to
the known base case h(0) = c, then rebuilds each value on the way back up.
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EXAMPLE 9.3

h(x) = 2x, Traced by Hand

h(©) =0 UNWIND

h(x+1) = h(x) +2 h(3) = h(2) + 2

h(2) =h(@) +2

Matching h(x+1) = g(x, h(x)) needs g(m,n) = n+ 2 — g just adds 2 to its second h(1) =h(0) +2
argument. g is itself a composition of successor and projection: g = SoSo P?,. h(0)=0

To compute h(3), we first unwind down to the base case, then rebuild upward: REBUILD

h(1)=0+2=2
h(2)=2+2=4
h(3)=4+2=6
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MORE RECURSIVE DEFINITIONS

Predecessor and Factorial

PREDECESSOR FACTORIAL

f(x) =1ifx=0,elsex-1 f(x) = 1ifx=0, else x - f(x - 1)

f0)=0 f0) =1
f(x+1) =x J(x+1) = g((x+1), f(x))

Here g is multiplication: it computes (x+1) - f(x), the standard recursive

Taking g(x,y) = x gives f(x+1) = x = g(x, f(x)) — matching the primitive
definition of n!.

recursion pattern directly.
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EXAMPLE 9.4

Computing f(4) = 4! by Primitive Recursion

Unwinding f(4) down to the base case f(0) = 1, then multiplying back up: (4, £(3)
f(1)=1-f(0)=1-1=1 /
g(3, f(2))
f(2)=2-f(1)=2-1=2 g(2, f(1))
g(1, f(0))

f(3)=3-f(2)=3-2=6
ﬁ back-substitute to 24

f(4)=4-f(3)=4-6=24
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WORKED EXAMPLE

sumint(x) = Xo*n — Sum of 0 to x

A base case g() = 0 and step function g(x,y) = x +y + 1 (an add-then-successor step) define the running sum:
sumint(x+1) = g(x, sumint(x)) = S( x + sumint(x) )

Note g is really the “add” function followed by the successor: g(x,y) = S(x +y).

sumint(x)
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PUTTING IT TOGETHER

How the Class of PR Functions Is Built

Basic functions
Z, S, Pkn
Primitive recursion Class of PR
h(0)=c, h(x+1)=g{x,h(x)) Functions
+, =%, xMonl,
Composition

plug functions in

Starting from Z, S, and Py", repeated composition and primitive recursion generate addition, subtraction, multiplication, exponentiation, factorial, and
essentially all ordinary arithmetic functions.
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NEXT TIME

General Primitive Recursion
& Beyond

The simple one-variable version seen today extends to functions of several variables, and sets up the
definition of the full class of recursive (computable) functions.
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