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Implementing Primitive Recursive
Functions on Turing Machines
From composition and recursion to Turing-machine implementations of
zero, successor, projection, addition, subtraction, multiplication, and exponentiation.
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R O A D M A P

What We'll Cover

1
Composition & generalized composition
How simple functions combine into new ones — the first building block of primitive recursion.

2
Primitive recursion, formally
The base-case / inductive-case pattern that defines a function from simpler ones.

3
The class ℙℝ
Why Z, S, and P are enough to generate a huge family of computable functions.

4
Four basic functions on a Turing machine
Zero, successor, projection, and predecessor — seen as tape transformations.

5
Building up: +, −, ×, and exponentiation
Each one constructed from the last, ending in a worked numeric example.
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9 . 1   ·   P R I M I T I V E  R E C U R S I O N

Composing Functions

The composition of two single-argument functions f, g :  →  plugs the ℕ ℕ
output of g into f. We usually drop the ‘ ’ symbol and just write fg — and ∘

because composition is associative, fgh(x) unambiguously means f(g(h(x))).

D E F I N I T I O N

(f  g)(x) = f(g(x))∘

i I N  P L A I N  E N G L I S H

Feed x into g first, then feed g's answer into f. “fgh(x)” is read right to 
left: do h, then g, then f.

x g f h

h(x) = f(g(x))

Many real functions need more than one argument — that leads to 
generalized composition, next.

B U I L D I N G  C O N S TA N T S  ( W O R K E D  N O T E )

(x ,...,x_k)  0  =  Z  P₁ ↦ ∘ ₁ᵏ
If P (x ,...,x_k)  n, composing₁ᵏ ₁ ↦

with S gives (x ,...,x_k)  n+1.₁ ↦

So every constant function is built from

just Z, S, and P using composition.
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9 . 1 . 1   ·   D E F I N I T I O N  9 . 1

Generalized Composition

D E F I N I T I O N

Let f : ⁿ →  (n variables), and letℕ ℕ
g , ..., g  :  →  (each of m variables).₁ ₙ ℕᵐ ℕ
Then h :  →  defined byℕᵐ ℕ
h(x ,...,x_m) = f(g (x ,...,x_m), ..., g (x ,...,x_m))₁ ₁ ₁ ₙ ₁
is the generalized composite h = f  g ,...,g ,∘ ⟨ ₁ ₙ⟩

also written comp(f, g , ..., g ).₁ ₙ

i I N  P L A I N  E N G L I S H

Run n side-branches g₁...g  on the same inputs, then feed all n ₙ
results into f as its arguments. Every gᵢ and the result h must take 
the same number of arguments (m) — that matching is what 
makes the composite well-defined.

x , ..., x_m₁

g₁

g₂

⋮

gₙ

f h
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9 . 1 . 1   ·   E X A M P L E  9 . 2

Example: Two Ways to Build the Same Function
Consider f(x, y) = y + 3. There is more than one valid recipe for it:

R E C I P E  A  —  R E P E AT  S U C C E S S O R

f = S S S P ²₂
Apply “add 1” three times to the

2nd argument.

R E C I P E  B  —  N E S T E D  C O M P O S I T I O N

f = S  P ²  S P ², SS P ²∘ ₂ ∘ ⟨ ∘ ₂ ∘ ₂ ⟩
Builds y+1 and y+2 as side branches,

then applies S once more.

Verifying Recipe B step by step:

S ∘ (P₂² ∘ ⟨S∘P₂², SS∘P₂²⟩)(x,y)  =  SP₂²( SP₂²(x,y), SSP₂²(x,y) )

=  SP₂²( S(y), SS(y) )

=  S(y + 2)

=  y + 3

i I N  P L A I N  E N G L I S H

Both recipes compute the same function — but they are different algorithms for it. This is exactly the distinction between a function (what it maps 
to) and an algorithm (how you get there).
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9 . 1   ·   D E F I N I T I O N  9 . 3

Primitive Recursion

D E F I N I T I O N  —  PA R A M E T E R I Z E D  P R I M I T I V E  R E C U R S I O N

Let k ≥ 0, g : ² → , and f :  → . Define h : ¹ →  by:ℕᵏ⁺ ℕ ℕᵏ ℕ ℕᵏ⁺ ℕ

h(x, 0)     = f(x)           base case⟵

h(x, n+1) = g(x, n, h(x, n))      recursive case⟵

A
Parameters — x
x (or x₁,...,x_m) — carried through unchanged at every step.

B
Recursion variable — n
The variable being counted down/up; n = 0 triggers the base case.

C
h = P_r[g, f]
Shorthand for “h is built from g and f by primitive recursion.”

i I N  P L A I N  E N G L I S H

This is induction, turned into a function definition. 
To know h at n+1, you only ever need h at n — 
plus g, which combines the running answer with 
the current step count and the original inputs. 
Compute h(x,0), then h(x,1), then h(x,2)... each 
one built from the last.
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9 . 1   ·   D E F I N I T I O N  9 . 4  –  9 . 5

The Class of Primitive Recursive Functions
 is the smallest class of functions such that:ℙℝ

Z
Basic functions
Z (zero), S (successor), and every projection P are already in .ℙℝ

∘
Closed under composition
If f, g₁,...,g   , then the composite f g₁,...,g  is in  too, whenever it's well-defined.ₙ ℙℝ ₙ ℙ ℝ

Pᵣ Closed under primitive recursion
If f   (k args) and g   (k+2 args), then P_r[g, f] is in .∈ℙℝ ∈ℙℝ ℙℝ

i I N  P L A I N  E N G L I S H

To prove a function is primitive recursive, show it's Z, S, or P outright — or show it's built from functions you've already proven are in  using only ℙℝ
composition and primitive recursion. Nothing else is allowed in.
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P A R T  T W O

Implementing PR Functions
on a Turing Machine

Every number n is written in unary as n+1 copies of the symbol ‘1’ (so 0 is just “1”, 2 is “111”). Several numbers on 

one tape are separated by blanks (B). With that convention fixed, each basic function becomes a simple tape-

rewriting rule.
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9 . 2 . 1   ·   Z E R O  F U N C T I O N

The Zero Function

D E F I N I T I O N

Z(x) = 0
for every input x.

TA P E ,  B E F O R E  →  A F T E R

Before 1 1 1 1

After 1 ␣ ␣ ␣

1111 codes the number 3. Z always rewrites the tape to the code for 0, whatever the 
input was.

i I N  P L A I N  E N G L I S H

The machine scans right across the input, then sweeps back 
turning every 1 to a blank — except the first one, kept as the code 
for zero.

M E C H A N I S M  ( F I G .  9 . 1 )

1.  Scan right to the end of the input.

2.  Sweep back left, rewriting 1 → B.

3.  Restore a single leading 1 (the code for 0).
 

A second valid machine keeps the first 1 untouched and blanks the rest on a 

single forward pass — two different algorithms, one function.
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9 . 2 . 2   ·   S U C C E S S O R  F U N C T I O N

The Successor Function

D E F I N I T I O N

S(x) = x + 1
adds one to the input.

TA P E ,  B E F O R E  →  A F T E R

Before 1 1 1

After 1 1 1 1

111 codes 2. Appending one more 1 turns it into 1111 — the code for 3.

i I N  P L A I N  E N G L I S H

S is the simplest of all: walk to the right end of the input and write 
one extra 1. No scanning back, no erasing — just append.

M E C H A N I S M  ( F I G .  9 . 2 )

1.  Move right past the last 1 on the tape.

2.  Write a 1 in the first blank cell reached.

3.  Halt.
 

Every other PR function in this lecture ultimately reduces to calling S the 

right number of times — it is the true “engine” of primitive recursion.
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9 . 2 . 3   ·   P R O J E C T I O N  F U N C T I O N

The Projection Function

D E F I N I T I O N

P (n ,...,n ,...,n_k) = nᵢ⁽ᵏ⁾ ₁ ᵢ ᵢ
returns just the i-th of k arguments.

TA P E ,  B E F O R E  →  A F T E R

Before 1 1 ␣ 1 ␣ 1 1 1 1

After ␣ ␣ ␣ 1 ␣ ␣ ␣ ␣ ␣

Arguments 1, 2, 3 sit on the tape, blank-separated. P₂⁽³⁾ keeps only the 2nd and blanks 
the rest.

i I N  P L A I N  E N G L I S H

Think of the tape as k “slots.” Projection deletes every slot except 
the one you asked for, then parks the head at its start.

M E C H A N I S M  ( F I G .  9 . 3 )

1.  Blank every argument before slot i.

2.  Skip over slot i, leaving it untouched.

3.  Blank every argument after slot i.

4.  Return the head to the start of slot i.
 

Projections are how a multi-argument composition “picks out” the pieces 

each side-branch actually needs.
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9 . 2 . 4   ·   P R E D E C E S S O R  F U N C T I O N

The Predecessor Function

D E F I N I T I O N

pred(n) =  0        if n = 0

pred(n) =  n − 1    otherwise

A S  P R I M I T I V E  R E C U R S I O N

pred(0)     = 0

pred(S(y)) = P ²(pred(y), y)₂

TA P E ,  B E F O R E  →  A F T E R

Before 1 1 1 1

After 1 1 1 ␣

Input 1111 codes 3. Erasing the rightmost 1 leaves 111, the code for 2 — 
exactly n − 1.

i I N  P L A I N  E N G L I S H

pred undoes S by deleting the rightmost 1 — the machine is 
nicknamed D, for “decrement.” The one exception: if the input 
already codes 0 (a lone 1), there is nothing to remove, so the 
machine leaves it alone.

M E C H A N I S M  ( F I G .  9 . 4 ) ,  M A C H I N E  D

Scan right to find the last 1, then delete it —

unless the input is just a single 1 (already zero),

in which case the tape is left unchanged.
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9 . 2 . 5   ·   A D D I T I O N  F U N C T I O N

The Addition Function

R E C U R S I V E  R U L E S

add(x, 0)     = x

add(x, y+1) = S(add(x, y))
Strict PR form: add(x,0)=P ¹ (x);₁⁽ ⁾
add(x,S(y))=S P ³ (x,y,add(y,x))₃⁽ ⁾

i I N  P L A I N  E N G L I S H

To add y onto x, apply the successor function y times. Addition 
doesn't need any new machinery — it's just S, called repeatedly, 
with the recursion keeping count.

WHAT add(x ,0)=x  MEANS

Adding zero to any number gives that number back. The recursive step then 
builds up add(x, y+1) from the already-known add(x, y), one successor at a 
time.

W O R K E D  E X A M P L E

add(3, 2) = 5

add(3, 2) = add(3, 1) + 1

= S( add(3, 1) )

= S( S( add(3, 0) + 1 ) )

= S( S( S( add(3, 0) ) ) )

= S( S( S( 3 ) ) )

= 5

Each line peels off one successor call, until add(3,0)=3 is reached by the 

base case — then S is applied three times on the way back out.
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9 . 2 . 6   ·   S U B T R A C T I O N  F U N C T I O N

The (Limited) Subtraction Function
Natural numbers aren't closed under subtraction, so PR theory studies a limited subtraction: sub(a, b) returns b − a when that's non-negative, and 

0 otherwise.

B U I LT  F R O M  P R E D E C E S S O R

sub(0, x)      = P ¹ (x)₁⁽ ⁾
sub(S(y), x)  = pred( P ³ (x, y, sub(y, x)) )₃⁽ ⁾

i I N  P L A I N  E N G L I S H

Notice the argument order is flipped from the usual b − a: here 
sub(a, b) computes b − a. Why? Primitive recursion always 
recurses on the LAST argument (Definition 9.3), so the argument 
being “counted down” has to come first. Once sub is defined this 
way, composing it with a projection that swaps the two arguments 
back gives the familiar b − a with a in front, if that's what you'd 
rather read.

H O W  I T  U N W I N D S

Base case

sub(0, x) = x

Subtracting nothing at all leaves x untouched.

Recursive case

sub(S(y), x) = pred(sub(y, x))

Each extra 1 subtracted knocks one more off the running result via pred.

Floors at zero

pred(0) = 0

Because pred can't go negative, sub never can either — that's the “limited” in 
limited subtraction.
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9 . 2 . 7   ·   M U LT I P L I C AT I O N  F U N C T I O N

The Multiplication Function

F R O M  F I R S T  P R I N C I P L E S

x × 0        = 0

x × (y+1) = (x × y) + x
f(x) = 0,   g(x,y,z) = z + x

E Q U I VA L E N T,  B U I LT  D I R E C T LY  F R O M  A D D

mult(0, x)     = 0

mult(y+1, x) = add(mult(y, x), x)

i I N  P L A I N  E N G L I S H

Multiplication by x is just “add x to itself, y times” — the same 
repeated-application idea that turned successor into addition, 
now one level up: repeated addition instead of repeated 
succession.

T H E  T O W E R  S O  F A R

Z, S, P  (basic functions)

pred  (built from S, via PR)

add  (repeated S)

sub  (repeated pred)

mult  (repeated add)

Each row is defined purely in terms of the row below it — no new primitives 
after S, Z, and P.
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9 . 2 . 8   ·   E X P O N E N T I AT I O N  F U N C T I O N

The Exponentiation Function

F R O M  F I R S T  P R I N C I P L E S

x        = 1⁰
x ¹ = x  × xʸ⁺ ʸ

E Q U I VA L E N T,  B U I LT  D I R E C T LY  F R O M  M U LT

rexp(0, x)     = 1
rexp(y+1, x) = mult(rexp(y, x), x)
rexp(y, x) = rexp  (P ², P ²)∘ ₂ ₁

i I N  P L A I N  E N G L I S H

Same pattern one level higher again: exponentiation is repeated 
multiplication, exactly as multiplication was repeated addition.

O N E  S T E P  F U R T H E R  —  T E T R AT I O N

supexp(0, x)     = 1
supexp(y+1, x) = exp(x, supexp(y, x))
This is repeated exponentiation — sometimes

called super-exponentiation or tetration. The

same recipe (base case + “do the last thing again

one level up”) keeps working indefinitely.

T H E  PAT T E R N ,  O N E  L A S T  T I M E

successor  →  addition  →  multiplication  →  exponentiation  
→  tetration

Every rung is “repeat the previous operation, y times,” formalized by exactly the 
same primitive-recursion template from Definition 9.3.
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S U M M A R Y

Key Takeaways

1
Two ways to combine functions
Generalized composition (fan-out then combine) and primitive recursion (base case + build from the previous step) are the only tools  allows.ℙℝ

2
Three basic functions suffice
Z, S, and P are the entire starting alphabet — everything else in this lecture is composition or recursion applied to them.

3
One Turing machine per basic function
Zero, successor, projection, and predecessor each correspond to a short, concrete tape-rewriting rule.

4
A tower of repetition
add repeats S; mult repeats add; exponentiation repeats mult; tetration repeats exponentiation — the same recursive pattern, one level up each time.
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Thank You
Questions on composition, primitive recursion, or any of the Turing-machine constructions?

Prof. K. R. Chowdhary
Professor of CS  ·  Theory of Formal Languages, Lecture 9
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